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We consider biorthogonal systems in quasi-Banach spaces such that the greedy
algorithm converges for each xe X (quasi-greedy systems). We construct quasi-
greedy conditional bases in a wide range of Banach spaces. We also compare the
greedy algorithm for the multidimensional Haar system with the optimal m-term
approximation for this system. This substantiates a conjecture by Temlyakov.
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1. INTRODUCTION

We consider a general quasi-Banach space X with the norm ||-|| such
that for all x, ye X we have ||x + y|| <a(||x| + [|¥]). The letter o« will always
in this paper denote this constant. It is well known (cf. [3] Lemma 1.1.)
that in such a situation there is a p, 0 <p <1, such that |3, x,|| <
4Y7(3 |Ix, |?)V?. Recall that a biorthogonal system in a quasi-Banach
space X is a family (x,, x*),.r = X x X* such that x}*(x,,) equals zero
whenever n #m and equals one if n =m. Here F is any countable index set.
We fix a biorthogonal system (x,, x¥),.r in X such that span(x,),.r=X
and inf, _ g ||x, || >0 and sup,,. g || X¥ || < co. This implies that for each xe X
we have lim x¥(x)=0. For each xe X and m=1, 2, ... we define

n— oo

G(x)= 3, x;(x)x,, (1)

neAd
where A < F is a set of cardinality m such that |x}*(x)| > |x#(x)| whenever
neA and k¢ A. The above set may not be uniquely defined but if this
happens we take any such set. The operator ¥%,(x) is a non-linear and
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discontinuous operator. We will use linear projection operators P, defined
for any finite subset 4 — F by the formula P (x) =3, 4 xX(x) x,,.

This simple theoretical algorithm is a model for a procedure which is
widely used in numerical applications. It also raises many interesting
questions in functional analysis. The reader can find in [9]-[11] a more
detailed description of the connections with purely numerical questions and
results for some concrete systems.

In this paper we will use standard Banach space notation as explained
in detail in [12] or [6]. The basic reference for simple facts we are going
to use about quasi-Banach space is [3].

DErFINITION 1. A biorthogonal system (x,, x}),.r is called a quasi-
greedy system if for each x € X the sequence %,,(x) converges to x in norm.
If this system is a basis we will use the phrase quasi-greedy basis.

Clearly every unconditional basis is a quasi-greedy basis. Let us recall
the definition of the best m-term approximation. For xe X and m=0, 1, ...
we put

X— Y a,x,
neAd

Om(X) = inf{

:ld| <manda,’s are scalars}. (2)

DEerFINITION 2. A basis (x,, x5),cr 1s called greedy if there exists a
constant C such that for every x e X we have ||[x — 9,,(x)| < Co,,(x).

After the research reported in this paper was practically completed I
received the preprint [4] where the above terminology was introduced, so
I decided to follow this terminology in this note. It is shown in [4]
that each greedy basis is unconditional and an example of a conditional
quasi-greedy basis is given.

The author expresses his gratitude to Professor Aleksander Petczynski
for many helpful conversations about the research reported in this paper.

2. QUASI-GREEDY SYSTEMS

Let us start with some general results. The following theorem gives some
natural equivalent conditions for quasi-greedy systems.

THEOREM 1. The following conditions are equivalent:

1.  The system (x,, X)), cF IS quasi-greedy.

2. For each x € X the series 3" X, (X) X4, converges to x where o
is an ordering of F such that (|x}%,,(x)|),>_, is a decreasing sequence.
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3. There exists a constant C such that for any xe X and m=1, 2, ...
we have ||%,(x)|| < C [x].

This theorem is basically a uniform boundedness result. However, since
the operator %, is non-linear and discontinuous we have to give a direct
proof.

Proof. Clearly 1 <2

3= 1. Since the convergence is clear for x’s with finite expansion in
the biorthogonal system, let us assume that x has an infinite expansion.
Take xo=>,c4a,x, such that ||[x —x,| <¢ where A is a finite set and
a, #0 for ne A. If we take m big enough we can ensure that 4,,(x —x,) =
SepXE(x—xo) x, with Bo A4 and 4,(x) =>,c 5 x¥(x) x,,. Then

[x =G, (x) | < alllx = xoll + l[xo = %.(x)])
Sae+ [G(xo—x)|) <a(CH+T)e.

This gives 1.
1 = 3. Let us start with the following lemma.

LemMmA 1. If 3 does not hold, then for each constant K and each finite set
ACF there exists a finite set Bc F disjoint from A and a vector x =
> wepdnX, such that |x| =1 and ||9,(x)| = K for some m.

Proof. Let us fix M to be the maximum of the norms of the (linear)
projections Po(x)=>,c0 XF(x) x, where Q = 4. Let us start with a vector
x! such that ||x!|| =1 and ||%,(x")| = K, where K, is a big constant to be
specified later. Without loss of generality we can assume that all numbers
|x*(xY)| are different. For xZ=x'—3Y,_,x*(x!)x, we have [x?|<
a(M+1) and %, (x')=%(x*) + Pgy(x") for some k<m and Q< A. Thus
1%.(x2)] = %—M and for x> =x2-||x?| ~! we have |%(x%)|| = (K, /o — M)/
(14+ M) o Let us put

0 =inf{|xX(%(x*))] : x}(%(x?)) #£0}

and take a finite set B, such that for n¢ B, we have |x*(x%)| <J/2. Let
us take # very small with respect to |B,| and |4| and find x* with finite
expansion such that ||x*>—x*| <#. If 5 is small enough we can modify all
coefficients of x* from B; and A4 so that the resulting x° will have its
k biggest coefficients the same as x> and |x*—x®|| <. Moreover x° will
have the form x°=3Y, . zx*(x%)x, with B finite and disjoint from A.
Since |[x°|| <a(||x*| + ) <a(a(l+7)+6)< Cx and %(x°)=%(x*), for
x=x3 x5 7' we get [%(x)] = (2~ M)(a+aM)~! (Cx)~! which can
be made > K if we take K, big enough. |
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Using Lemma 1 we can apply the standard gliding hump argument to
get a sequence of vectors y,=3.p a,x;, With sets B, disjoint and
ly.ll =1, a decreasing sequence of positive numbers ¢, <2~" such that if
xF(y,) #0 then ka(y,,)l >¢, and a sequence of integers m, such that
G, (yu) Il =27 ”:11 ¢ . Now we put x=3 72, (]_[",1 ¢;) y,- This series
is clearly convergent in X. If we write x ~>_, . b, x, we infer that

j j j
inf{|bn| tne | Bsandb,,yéO}) I1 ss>max{|bn| ng¢ BS}.

s=1 s=1 s=1

This implies that for k =Y/_1 |B,| +m; we have

s=1

Gu(x)= ), <l:[1 8s> yﬁ%(ll[ 6s> Vi+1

n<j \s=1 s=1

50 [|Gu(x)| Za ™ (TT;21 &) %, ¥y 41l = C=2/"!/a— C. Thus %,(x) does

s—l

not converge to x. ||
Let us now introduce the following definition:
DeFINITION 3. A system (x,, x¥),cr 1S called unconditional for

constant coefficients if there exist constants C and ¢ > 0 such that for each
finite A = F and each sequence of signs (&,),.4= +1 we have

Y x| <

neA

Y eux,

neAd

Y X,

neA

(3)

Definition 3 is justified by the following observation.
PrOPOSITION 2. Every quasi-greedy system is unconditional for constant
coefficients.

Proof. For a given sequence of signs (¢g,), .4 let us define the set 4, =
{neAd:e,=1}. For each 0 >0 and 0 <1 we apply Theorem 1 and we get

2 X

ne A,

Y ox,+ Y, (1-9)x,]|.

ned ne A\A;

Since this is true for each 0 >0 we easily obtain the right hand side
inequality in (3). The other inequality follows by analogous arguments. ||

Remark. Let us clarify a bit the problem of non-uniqueness of 4,,(x). In
our definition of quasi-greedy system we require that for each x € X we can
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choose (if there is a choice) a ¥,,(x) such that 4, (x) - x. The statements
2 and 3 of Theorem 1 are also to be understood in this way—in 2 we think
about one convergent decreasing rearrangement and in 3 we think about
one good %,(x). However Proposition 2 immediately imply that those
reservations are not essential. It shows that if (x,, x¥),.r is quasi-greedy,
then any series 37 | xX,(X) X, such that (|x%,,(x)|) is decreasing, con-
verges to x. This implies that we have convergence for any choice of 4, (x).

Our definitions of a quasi-greedy system and of the operator ¥,, depend
on the normalisation of the system considered. This, however, is not
essential. Namely we have

PROPOSITION 3. Suppose that (x,, xk),cr is a quasi-greedy system as
discussed. Let (1,),.r be a sequence of numbers such that 0<a=:
inf, _p|A,| <b=:sup,crl|i,| <oo. Then the system (A,X,, X5 /A,)ner IS also
quasi-greedy.

Proof. By homogeneity we can and will assume that b=1. Let %) be
the greedy approximation operator corresponding to the system (4,x,,
X% /A ner Let us fix xe X and a natural number m. Explicitly we have
Gl (x)=3,c4x¥(x)x, where AcF is a set of cardinality m such that
|xE(x)/A,| = |xX¥(x)/As| whenever ne A and s¢ A. Let us write # =inf,_ ,
|x¥(x)| and let V={neF:|x}(x)=n} and U={neF:|x}(x)|=n/a}. We
put |V|=k and |U| =1/ Clearly Uc V' so [ <k. Using those notations we
can write

G () =G(x) = 3, xF(x) x,

seB

=%<x>+<<fk<x>—%<x)— T x¥x) xs>, (4)

seB

where B is a certain subset of V'\U and so we know that for s € B we have
n<|xf(x) <n/a (5)

Clearly %(x)—%(x)=>,cmuvxi(x)x,. Note that for each finite set
D c F and each set of numbers (a,),.p We have

<C

z apXy

neD

2 X

neD

. (6)




298 P. WOJTASZCZYK

To see (6) we write a dyadic expansion of each «, namely a,=
+> 2, a(n, s) 27° where a(n, s) =0, 1. Then from Proposition 2 we have

Y aux,

neD

ZZSZ—Fans

neD

<41/p Z D —sp <C.

s=1

Z ia(n, S) Xn

neD

Thus we infer from (5) and (6) that

<C

G(x) =% (x) = Y x;f(x) x,

seB

> (nja)x,

ne V\U

Y XHx)x,

ne V\U

< C%a||Gdx) = G(x)]. (7)

< C?%a

Comparing (4) and (7) we infer that |4} (x)| < C’ ||x|| so by Theorem 1
the system (4,,x,, x¥/1,),.cr 1S a quasi-greedy system. ||

Remark. Proposition 2 allows us to show that the trigonometric system
in L,(T) with 1<p < oo is quasi-greedy only if p =2, because only then it
is unconditional for constant coefficients. To see this observe that for
l<p<oco we have [XN_,e™|2~N?"' and for p=1 we have
Hzn_l e™| ~log(N + 1). On the other hand for 1 <p < oo the average over
all signs + of |XN_, +e”"\|” can be written as §0 13N (s )e’”’Hé’ds
where r,(s) are class1ca1 Rademacher functions. It is well known in the
theory of type and cotype of Banach spaces (see [12]) and easily follows
from the Khintchine’s inequality that [g [|XN_, r,(s) €™ 2 ds ~ N*? so the
trigonometric system in L,(T) (1 <p<o0) an be quasi- greedy only when
p—1=p/2 ie. when p=2. In the case p=o0 we can invoke the
Rudin-Shapiro polynomials i.e. polynomials ¢y=32"_, +e™ such that

lonll o < C/N. This argument reproves results from [11] remark 2.
Now we will discuss examples of conditional quasi-greedy bases. Let us

recall

DerFINITION 4. A Dbiorthogonal system (resp. basis) (x,, X}),cr 1S a
p-Besselian system, 0 < p < oo if there exists a constant C such that for each

x € X we have
1/p
(= |x::=(x>|ﬂ> <Clx.

nekF
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A 2-Besselian system (resp. basis) will be called Besselian.

THEOREM 2. Suppose X is a quasi-Banach space with Besselian basis
(X, X¥) 2 1. The space X®(, has a quasi-greedy basis. If the basis
(x,,, x;F)_, is conditional we get a conditional quasi-greedy basis in X® ¢,.

Before we start the proof let us recall some classical notions from Banach
space theory. If X and Y are Banach spaces then the symbol X @® Y denotes
the direct sum of those spaces i.e. the space of all pairs (x, y) with xe X
and ye Y. This is a linear space with coordinatewise addition and scalar
multiplication. As a norm on X@® Y we can take |(x, y)|=(|x|*+
7122 We will identify an element x € X with a pair (x,0)e X@ Y, so in
particular x+ y means (x, y) whenever xe X and ye Y. If we have a
sequence of Banach spaces (X,)°., and a number 1<p<oo then

n/n=1

(X, X,), denotes the space of all sequences (x,),”_, such that x, € X, for

n=1 n n=1

n=1,2,..and (x,)] = (S5, |x,17)"7 < oo.

n=1

Proof. Let us recall some facts about Olevskii matrices (cf. [7]). For
k=1,2,.. we define 2 x2* matrices Ak=(a§.;")f,kj:1 by the following
formulas

k . , k
ak) =2~k for i=1,2,..,2

and for j=2"4+v with 1 <v<2®and s=0, 1,2, .., k—1 we put

2(s—k)/2 for (v=1)2F* <ig(2v—1)2k—-1
af.f)= —ps—ky2 for (2v—1)2F—s—l<jgy2k—s
0 otherwise.

One easily checks that the A% are orthonormal matrices and there exists a
constant C, such that for all i, k we have

YlaP|P<C, for p>0. (8)

J

Note that 4 is a matrix which maps an orthonormal Haar-like system in
R?" onto the unit vector basis. We put N, =2'"" and define S, so that
S;=N;—1 and S;,.,—Spy=N,—1. Let (¢,)2; denote the unit vector

basis in /,. Let us denote by (g,) , < X@® 4, the following basis

Xl,el, “eey esl,xZ, eSl+1, “eey esz, X3, eS2+1, weey 833, X4,
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To each block {x4,eg5 41, es} We apply the matrix A" to get a
new system

k_ Yk % ok
Vi = + z Ay €s,_ | +j 9)

\/Nk j=2

The system 1, ..., x//]lvl, ER— npi,z, .., ordered in this fashion will be
denoted by (;);72,. It is clear that 0 <inf; [[i;[| <sup; [[{/;|| < oo and that
(Y;);~, is a complete biorthogonal system in X @ 7/, with the biorthogonal
functionals given by the formula

P Ny
X k
k* __ n 107 %
Y = + > a el i

VN =2

It is also a basis in X@4,.

Since the system (g;);2, is a basis it suffices to check that for each k the
system (%)M have uniformly bounded basis constant. But on each sub-
space span{xy, es,_ i1, €s,) the /3% norm and the norm in X@®/, are
uniformly equivalent, so any orthonormal basis in this finite dimensional
space has uniformly bounded basis constant in X@®4,. If (x,,)°_, is a con-
ditional basis then ()72, is also conditional because (x,),_; is a block
basis of (y/;)72 .

Thus we still have to show:

If f=%721ay;e X® with | f||=1, and o is a permutation such that
|ag | is a decreasing sequence, then the series 3 72\ ay ;Y q; converges in
X®L,.

First observe that (g,)° , is a Besselian basis in X@® /,, so we can define
an operator I X®4H — 74, as 1372, a,8,)=(a,);Z,. Since (¢,);72, is
obtained from (g,) , by the action of a unitary matrix we infer that
(Y;);2, is also Besselian and ([yy;);2, is an orthonormal basis in /,. Let P
denote the natural projection from X @4, onto /,. Note that I| {0} @/, is
an isometric embedding. Let Q denote the orthogonal projection onto
I({0} @ 15).

Let us write f as a double sum =3, >, biy¥. Since ()2, is
Besselian we get

k

bE2 < C. (10)
1

I'M.2

o
2
k=1 i

This implies that the series Y2, >, b*I(/*) converges in ¢, in any
order so also Y2, 3%, b¥QI(y*) converges in any order. This implies
that also the series 372 | S, b*Py* converges in X@®/4, in any order.
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Thus we have to study the convergence of the series 372, >N,
P*I—P)y*=%r | SN b¥xi//Ni) but ordered in such a way that
coefficients |b¥;| form a decreasing sequence. Let us denote

A =1{i: N <|Bf| <N
Ap={i:|b¥I<NY}
Ap={i:|b¥| =N},

Note that for each k we have Y, [6¥|/\/Ny <N, -1/N; -1// N, <
N2, Thus the series 377, X 4 (bf /\/]\Tk ) X, is absolutely convergent.
It follows from (10) that for each k, XN, [p¥|*< Cso C=3,. 4 [bf|*>
| Ay | N;7'° which gives |4}| < CN}/. From this we get
- |bi€| - my__ - - —3/10
)ID) <Y Mil—=< ¥ N;¥< w0

k=1 ieay /N x=1 Ni k=1

so the series 377 X ic4p (b¥/\/Ny) x; is absolutely convergent. Since
NYO<SN' we see that the decreasing permutation of the series
Yio1 Xiea, b*y* has to take place inside each A,. But in this case (since
(W) 1s a basis in X@4,) the series over k converges in X@® /,. From the
Schwarz inequality and (10) we get

2 |b/é€| <<Z Ib"|2>1/2(|/1 | N2 =o(1)
= i k k -
i€y Nk i€y

so we see that the series X7 ;34 (b*/\/N,) x, converges when
rearranged in decreasing order of the coefficients (b%). |

This proof is a modification of an argument used in the main result
in [5].
Let us note some corollaries from the above construction.

COROLLARY 4. A separable, infinite dimensional Hilbert space has a
quasi-greedy conditional basis.

Proof. 1Tt is known (cf. e.g. [ 7]) that a Hilbert space has a conditional
Besselian basis, so writing £, =/, ® ¢, we get the claim. ||

COROLLARY 5. The space ¢, for 1<p<oo has a conditional
quasi-greedy basis.

Proof. 1t is well known (cf. [8]) that Z, is isomorphic to (3,2, /5),.

n=1

Let us fix (,);2,, a conditional quasi-greedy basis in /, which exists by
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Corollary 4. Then /7 is isometric to span(y;)7_, so the obvious basis in
(21 span(y,)7_,), is a conditional quasi-greedy basis in 7,. |

COROLLARY 6. If X has an unconditional basis and contains a com-
plemented subspace isomorphic to £, with 1 <p < oo then X has a conditional
quasi-greedy basis.

Proof. We write X~ Y® lLy~Y®L, D, ~ XD, s0 taking the uncon-
ditional basis in the first summand and a conditional quasi-greedy basis in
2, (cf. Corollary 5) we get a conditional quasi-greedy basis in X. ||

Note that the above Corollary 6 gives the existence of conditional
quasi-greedy bases in L,[0, 1] with I <p <o and also in H,.

The following theorem shows that quasi-greedy bases in a Hilbert space
are rather close to unconditional bases.

THEOREM 3. Let (x,)°_, be a normalized quasi-greedy basis in a Hilbert
space H. Then there exist constants 0 <c< C< oo such that for each
x=>%*_,a,x, we have

cll(an)llz, o0 < llxll2 < Cll(@,)l2, 15 (11)

where |-\, o and |-, are natural Lorentz sequence space norms. In
particular such a basis is p-Besselian for each p > 2.

Let us recall the definition of the relevant Lorentz norms. For a sequence
(a,)>_, we denote by (a;f)>_, the non-increasing rearrangement of the

sequence (|a,|)2_ ;. Then [[(a,)2, |5 o =sup,~/na} and [(a,)5, |21 =
Y n ek,

Proof. First observe that applying Khintchine’s inequality (or type and
co-type 2 of the Hilbert space) we infer from Proposition 2 that for each
finite set of indices 4 and each choice of signs we have >, . + X, ~
\/m. Now let us denote n,=|{n: |a,| >27%}|. Reordering the series
>, a,Xx, so that |a,| 0 we have

Zanx,, <2Z2 —k <C22_k,/

Zx

s=1

\Cz |a|

n=1

To prove the other inequality observe that from the Abel transform we
obtain that if X%, y, converges in a Banach space X and supy
>N y,=C and o, N0 then the series Y2, a,y, converges and
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supy 120 o, v, <Caxy. Now we consider the series L AuX,
and assume that |a@,|\0. Since the basis is quasi-greedy this series
converges and supy [XY_,a,x,|<C|x|, so for each N we have
supy I35 anp1—sXna1—sl <2C |x|. Applying our observation to the
sequence o = |a,| |ay,1_x| ~" we get

y Gveroslanl <2C x|
< .

XN+1—s

s=1 |aN+ 1—s |
From this, using the unconditionality for constant coefficients we get
N

2 X

s=1

|ay| < C x|

which gives sup,, |, | \/;z < C || x|| which completes the proof. ||

3. OPTIMALITY

Suppose now that X is a quasi-Banach space with an unconditional basis
(x,, x¥) and let us assume that inf,_ [|x,]| >0 so sup,.r|x¥|| <co. An
unconditional basis is called a lattice basis if ||, a,,x, || <[>, b,,x, | when-
ever |a,|<|b,| for all n. If we have an unconditional basis we can always
introduce an equivalent lattice norm by

el = sup {

2 a5 (x) X,
n

Ha,| < 1}.
With this norm we have [|x|| <|||x|| < C | x| and [|x,[| = |x, |-

ProposiTION 7. Let X be a quasi-Banach space with lattice basis
(x,, x). For each x and each m=1,2, ... there exists an element T,(x)
of best m-term approximation ie. T,(x)=>,c4a,X, with |A|=m and
[x =T, (%) = 6,(x).

Proof. Let x,=3,c4 ayX, With [4,]=m be such that |x—x.|—
0,,(x). Using a standard diagonal procedure we can assume that for each
nlim,_,  a*=a,. Clearly the a, are not zero for at most m indices n. Write
xX®°=3,a,X,=> ,c4d,X, Where |A| =m. If we take B a finite set, B> A4,
then

[ = xi | = [|1Ppx — Ppxp|| = [ Ppx — x|
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Thus for each such set B we have g,,(x) = |[Pgx —x%| = || Pg(x —x*)|.
Taking a sequence of B’s exhausting the whole index set we obtain g,,(x) >
[x —x%]|, so we can put T,,(x)=x%. ||

Let us recall the following quantities essentially considered in [107]:

-9 .
e,, = sup Ix= %0 <w1th = 1>

xeX o-m(x)
sup - .
k<m lnf{HZneAxn” : |A|=k}

Sup{ HZ}'IEA xn H . |A| :k}
The importance of those quantities is clear. The sequence e,, estimates the
error between the greedy algorithm ¢, and the best possible m-term
approximation. The quantity x,, measures some sort of asymmetry of the
basis. The important fact is that they are closely connected.

(=) Rl

M =

THEOREM 4. Let (x,, xF) be a lattice basis in a quasi-Banach space X.
Then for each m=1, 2, ... we have

1
27alum<em<2a:um' (12)

The proof of this theorem follows the ideas from [10].

Proof. Letusfixmand x=5,a,x,€X. Let T,(x)=>,c4b,x, be the
best m-term approximation. Let 4,(x)=3,.z4a,X,. Note that

I = Pl = [ = Tx) + Py Tx) = Py = | (Jd — P y)(x = T,,(x)) |

<l —=T,(x) | = 7,,(x). (13)
Thus we can take T,,(x)= P ,(x). In order to estimate ||x —%,,(x)| write
X—=9%,(x)=x—Px+Px—Ppx=(x—P,xX)+Pppx—Ppyx
=Ppp(x—Pyx)+Pppx

50 [x =G (x)| <olllx = T (X) | + [P gxll) S(0,,(x) + | P apxl). Note
now that max{|x}(x)|:ne A\B} :=c<min{|x}(x)| :neB\A} and also
|A\B| = |B\A| <m. This implies that | P zx|| <c¢ |X,c.np X, |l and | Pg x|
=c||X,epuX,]l. Thus estimating ¢ from the second inequality and
substituting it into the first we get

HPB\AXH

HPA\B-XH <
HZneB\A Xn H

NP anp X <t 1P pra X[ St 0,(x)  (14)
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so we get
1 = G(X) | S 20, (xX)(1 +11,,) < 2041,,, 5 X)-

In order to prove the other inequality we will need the following

LEmMMmA 8.  For each m there exist disjoint sets A and B with |A| = |B| <m
SuCh that HZneA xn ” HZnean H -t 2 (20()_1 ﬂm'

Proof. 1If u,, <2« the claim is obvious. Otherwise take sets 4 and B
Wlth |A| = |B| <I’Vl SuCh that HZneA xn H HZneB xn H - >max(2a, :um _6)'
For simplicity write

a=| Y x, b=y x,
ned neB

a=| Y x, a= Y x,|
neAnB ne A\B

With this notation we have 2 <(1/a)(a/b) <(1/a)(a/a;) so a; <(1)2a)a.
This implies

a ola,+a,) a, a, a a,

=g — P =

P I R A TR
SO a,/b>(1/2a)(a/b). Thus it suffices to replace 4 by any set of proper
cardinality which contains A\B and is disjoint with B. ||

Now let us take sets as in Lemma 8 and denote |A4| = |B| =k <m. Let
C > A4 be a set of cardinality m disjoint with B. Consider

xi=(l+e) ) x,+(14+¢2) Y x,+ > x,. (15)
neB ne C\A4 neAd
Then ,(x) = X — e %, 50 X — G(x)]| = | Epep , . From (13) we see

that

Op(x)=min{||Pgx||: S=BuU Cand |S| =k}

2 X

neB

<|Ppx|<(1+¢)

This and Lemma 8 give

HZneAan HZneAan 1
€ = = =
T X) (I+e) [Xnepxal ™ (1+¢)2a

Hon-

Since ¢ was arbitrary we get the claim. ||
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Remark. Actually one can show that for x defined in (15) we have
O-m(x) ~ HZneanH' Name]y HPSXH Z%Jrs HZneanH and Since :um>
IXneaXnll IXnes Xl ~" from Lemma 8 we get

1 HZneanH

277

20( HZneA xn ”

2 Xn

neAd

1
>—
ngA o 2o

2 X

neB

—1
>u,,

2 X

neS

80 7,,(x) > 2(1-{1»8)0( 12 0esXal-

Remark. Observe that we need to have u,, defined as sup, ., in order
to have the above estimate. As an example take /7, @ ¢; with the natural
basis. Let (f;)7_, be the basis in /7, and (e,);_, the basis in /;. For m>n
and x:=237_, f;+>7_, e, we have g,(x)=2 and ¥4,(x)=2%"7_, f;+

m-—n

m_ler so |x—%9,(x)| =n which gives e,,>n. Also u,, =n. But

_SUpIS ea Xl 2 Al =) m
il ea X, 1Al =m} — m—n

Cm -

so no estimate of the form e,, < C&,, is valid for all m unless C>n. But n
can be arbitrary.

For general biorthogonal systems we have the following result.
THEOREM 5. Suppose (x,, xX}), cr is a complete biorthogonal system in a

quasi-Banach space X with |x,| =1 for neF. Assume that for some
0<ce<Cand 0<p<g<oo we have

1/q 1/p

o % i) " <ixi < X i) (16)
neF neF

Then e,, < Km'?=Y4 ywhere K depends only on o, C and c.

The proof is similar to the proof of Theorem4 and Theorem 2.1
from [11].

Proof. Let us fix an xe X and m=1, 2, ... For any given ¢>0 we fix
almost best m-term approximation ie. 7,,=>Y,.4b,x, such that
lx—T,I| <0,(x)+ e First note that for any finite subset V< F we have

1/p 1/q
|PVx|<C<z |x,:*=(p>|P> <C|V|W—W<Z |x:(x>|q>

neV neV

C
<— VYR x]. (17)
c
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Let 9,(x)=>,cpd,x,. We write

[x =G (x)| =[x = Pyx+ P x—%G,(x)|
Saflx =P yx| + [P yx =G (x)]).

The first summand is estimated as

=P yxl| Sa([x =T, | + [ Pa(x = T,)|)
Su0,(xX) +e+ [P 4l(0,(x) +¢))

SO

C
Ix— P x| < (am<x) ot Spape-a (om(x>+s>>.
C

The second summand we write as
[P 4(x) = Ppx|| <ol | P X+ I1Ppax|)

and obtain

C
[Ppvaxl| = Ppalx =Tyl <— |B\A|VP =14 (q,,(x) +é).

307

(18)
(19)

(20)

(21)

To estimate the other summand we note that [B\A4| = |4A\B| and |x*(x)| >

|x¥*(x)| whenever ne B\A and se A\B. Thus

1/p 1/p
|PA\Bx|<C( D |x:<x>|P> << D |x;*<<x>|f’>

ne A\B ne B\A

1/q
<C|B\A|“P“q< ¥ |x:(x>|q>

ne B\A

1/q
=C|B\A|WW< 5 |x:<(x—Tm)|q>

ne B\A

C
<= [B\A|YP= Y x T,
c

C
<< IBVAIYP TV (0, (x) + )

(22)

Since ¢ was arbitrary and |B\A4| <m=|A4| from (20), (21) and (22) we

obtain |x —%,(x)| <K(C, c,a) a,,(x)-m"P~Va |
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Remark. Using Theorem 3 and arguing like in the above proof we can
get that for each quasi-greedy basis in a Hilbert space we have e,, <
Cln(m+1).

Now we will list some immediate consequence of Theorem 5.

COROLLARIES.

(a) If (x,)>_, is a complete, uniformly bounded orthonormal system
(in particular the trigonometric system) then in L,[0, 1] with 1 <p < oo we
have e,, < Km"V>=VP\ This follows immediately from F. Riesz inequality

which says that for 2 <p < oo we have

© 1/2 0 1/p'
<z |<x,,,f>|2> <|f|p<M<z |<x,,,f>|”'>

n=1 n=1

where i—k[% =1, and also the dual inequality valid for 1 <p <2. This proves
Theorem 2.1 from [ 11]. This is an optimal inequality as was shown for the
trigonometric system in [11] Remark 2. For p>1 it also follows from
Remark 2.

(b) Since for any semi-normalized biorthogonal system (x,, x}) in a
Banach space X we have

csup [x ()] < x| S C Y |xx ()]

n

we infer that for each such system we have e,,< Cm. This estimate is also
optimal, even for unconditional bases. One easily checks that for the natural
unconditional basis in {; ® ¢, one has e,, = m.

(c) In each super-reflexive space, in particular in L,[0,1] with 1<
p < oo, each semi-normalized basis (x,, x)) satisfies equation (16) for some
l<g<p<oo (see [1]). So we obtain that for each semi-normalized basis in
a super-reflexive space we have e,, < Km* with < 1.

(d) If (x,,x)) is a semi-normalized unconditional basis in L, with
1 <p< oo, then for p>=2 it satisfies

1/p 1/2
c(Z |x,:'=<x)|1’> <|x|,,<c<z |x;*<<x>|2>

neF neF

and the dual inequality for 1 <p <2. Thus for an unconditional basis in L,
we have e,, < Km"W?~ VP Also this estimate is optimal. To see it consider L,
as being isomorphic to £, ® L, and take the natural basis in £, and the Haar
basis in L,.
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4. MULTIPLE HAAR SYSTEM

In this section we will discuss the efficiency of the greedy algorithm with
respect to the multi-dimensional Haar wavelet. For a more detailed exposi-
tion of the general background sketched below the reader may consult
[13]. We will argue in the context of the square function for 0 < p < c0. To
start we define

1 if re[0,1),
H(t)=< —1 if re[i,1), (23)
0 otherwise.

For a dyadic interval I=[k27", (k+1)27") we put h,(t)=2"7H(2"t — k).
For a dyadic rectangle in J=1, x --- x I, = R? we put
h.(]d)(l):hll(ll) ehy (1) (24)

The set of all dyadic intervals in R will be denoted by (1) and the set
of all dyadic rectangles in R? will be denoted by %(d). The system
(7)1 o(ay 1s @ complete orthogonal system in L,(R“) and is normalized in
L,(R“). Note that formally the definition of this system depends on p but
since p will be fixed in our future arguments we will not indicate this
dependence explicitely.

A function f =3, g a/h" is in H,(R?) if the norm

1/p

wn=([,( 5 ranor)”a) 25)

Ie 9(d)

is finite. It is known by the Littlewood—Paley theory that for 1 <p < oo this
norm is equivalent to the usual L, norm and we have H RY) =LP(IRd).
For 0 <p <1 we get the dyadic H ,-space.

The main result of this section is the following

THEOREM 6. For 0<p<oo and d=1,2, ... for the system (h\®);c o) in
Hp(Rd) we have

e,, ~ (log m)(dfl)ll/271/pl' (26)

This result substantiates the conjecture formulated (for p>1) in [10]
and extends results from [9] and [10]. Our argument is a modification of
the argument from [2]. Let us start with a lemma which summarises the
argument from the first few lines of the proof of Proposition 3.3 from [2].
We repeat the short proof of this lemma for the convenience of the reader.
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LemMmA 9. For 0< p < oo and any finite subset B< 2(1) we have

2—lp |B|1/”<

2

IeB

Proof. Let us denote 2™ = max,_p |h,;(¢)|?. From the definition of the
Haar system we infer that 2M@ >1%",_ . |h,(1)|? so

2

IeB

1/p 1/p
><f 2M(”dt> ><;j > |h,<z)|f’dr> —2-Ur |B|r. |
R

R renB

ProrosiTiON 10.  For any d=1,2, ..., any finite B< 9(d), |B| =m and
any numbers (ay) ;< g Wwe have

(a) if0<p<2 then

2. arhi?

IeB

1/p
(1Ogm)(1/2—1/p)d< Z |a1|p> <

IeB

1/p
HZ |a,|F) (27)

IeB

(b) if2<p<oo then

(5 u)"

IeB

Y, ashy”

IeB

1/p
<(ogm) 204 (( 3 lar) "L 28)

IeB

Proof. The right hand side inequality in (27) is easy (it is actually the
type of H,). We simply apply the Holder’s inequality with exponent 1%21
to the inside sum and we get

T

IeB

N

([, % o a)

RYreB

1/p
(z |a,|f’> .
IeB

Now let d=1and 0 < p<2. Let o: {1,2, .., |B|} - B be such that |a,]| is
a dkecreasing sequence. Fix s such that 2°7'<m<2* and put f,=
(zjgzzk—l+1 |ao'(j)ho-(j)|2)1/2' Then

-(L.(% o) a) " =(] (L vrore) )"

k=0

g <<,§0 <£R fR() d[>2/">1’/2>1/p

2\ 1/2
=< > > Ao pha)) >
k=0

j=2k-141

Z arhy

IeB
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s 2\ 12
k=0

and from Lemma 9

K} 1/2
>< Y, 22k=lip |ao(2k)|2> .

k=0

2k

> okl

j=2k"141

Since

| Bl s p/2

z la,|? = Z |aa(1)|p< Z 2% |a¢—;(2")|p<s1 p/2<z 22%Ip |ao—(2k)|2>
IeB j=1 k=0 k=0

we get

1/
22_1/p(10gm)_(1_1’/2)1/1’<Z |a,|1’> g

IeB

Z arh;

IeB

1/p
:2—1/p(10gm)1/2—1/p < Z |a1|1’> .

IeB

Now we will prove the left hand side inequality in (27) by induction on d.
Suppose we have (27) valid for d— 1. Given a finite set B < 2(d) we write
each Ie B as I=Jx K with Je Z(1) and Ke %(d— 1) and then h{¥(¢)=
hy(ty)-h¢=V(&) where &= (t,, ..., 1;). Now we estimate

Y aghg =<f | <Z Jagh, ()2 |- ”(é)l2> " dé>l/p
IeB R \rcp
p/2 1/p
~(J, (] (Z(Zw,h,(zmz) o) de)ar )
R \R ! \g \'s
(29)

For each ¢; we apply the inductive hypothesis (note that the number of
different K’s is at most |B|) and we continue the estimates

> Cld—1. pilog B+ 07 | z(z larh, (1) >p/2dtl>1/p

r/2 1/p
> Cld—1. pitog |B) =2 (3 (S lashyte) d, )
K "R \y
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Now we apply the estimate (27) for d=1 and we continue as

1/p
> C(d—1, p)(log |B|)“~D12=1p) <z » |a,|P> C(1, p)(log |B))2~1»

K J

C(d, p)(log |B)) d“/Z—W)(z 4y |P> . (31)

IeB

The inequality (28) follows by duality from (27) for 1 <p<2. |

ProOPOSITION 11. For every finite set B< 2(d) we have

(a) if0<p<2 then

C(d, p)(log |B)"2~ V=1 |B|1/r < <[BI'""  (32)

Y g

IeB

(b) if2<p< oo then

1B < < C(d, p)(log |B)) 12~ VP=1 B (33)

> h

IeB

Proof. As in the previous Proposition 10 inequality (33) follows by
duality from (32). Note also that (32) for d=1 is Lemma 9. For d>1 we
proceed like in the proof of Proposition 10. We write each 7€ B as Jx K
and estimate |3, 5 7\ ||| exactly like in (29) and (30). Since a,= 1 instead
of (27) for d=1 we apply Lemma 9 and we obtain

2 b

IeB

> C(d— 1, p)(log | B)12~VP=D 2=V i,

Proof of Theorem 6. The estimate e,, < C(logm)!"2=VPId=D follows
immediately from Theorem 4 and Proposition 11. The estimate from below
was proved in [9]. ||

Theorem 6 covers and extends the main results about the Haar system
proved in [9] and [10]. In particular it gives a new proof that the Haar
wavelet is a greedy basis in L,(R). One can note that the Haar system is
not the only such basis in L, for 2 < p < co. Let us recall the definition of
the Rosenthal space (cf. [6] p. 169). Fix 0 <f <1 and define a norm on
sequences (a,)._; as

/p e’} 1/2
ﬂ—(Z a, |P> (z |a,,wff|2)
n=1 n=1
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with w8 =pn=F»=272r 1t is known that for all §’s we get the same space X
(called Rosenthal space) and that X@® L, is isomorphic to L,. However for
different f’s we get different unconditional bases in X. If (e,)2°_, denotes
the unit vector basis then for each finite set 4 = N we have

B

2 e

neA

1/2
= |A|1/p+< Z |wf|2>

neA

14| 12
<|A|W+< 5 |wf|2>

n=1

< |A|l/p+C|A|(lfﬁ)/2fﬂ/p

For f=1 we get |3, c4¢,l'~|A4|"? so this basis and the Haar basis give
an unconditional greedy basis in L, which is not equivalent to the Haar
basis.

For 0<pf<1 we get |2V_,e,||f~NI=PA2+EP g0 for this basis in X

n=1
and the Haar basis in L, we get an unconditional basis in L, with

U, ~ m =B 2+ Blpy, —1/p _ 33,(1=B)1/2—1/p)

so we get all possible power type behaviours of e, (c.f. Corollary (d) after
Theorem 5).
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